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Abstract
Let G be a planar graph of maximum degree 6. In this paper we prove that if G does not contain either a 6-cycle, or a 4-cycle with
a chord, or a 5- and 6-cycle with a chord, then ′(G) = 6, where ′(G) denotes the chromatic index of G.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
We consider only simple graphs in this paper unless stated otherwise. A plane graph is a particular drawing of a
planar graph in the Euclidean plane. For a plane graph G, we denote its vertex set, edge set, face set, and maximum
degree by V (G), E(G), F(G), and (G) (or simply ), respectively. An edge k-coloring of a graph G is a mapping 
from E(G) to the set of colors 1, 2, . . . , k such that any two adjacent edges have different colors. The chromatic index
′(G) is the smallest integer k such that G admits an edge k-coloring. The well-known Vizing’s Theorem [6] on the
edge coloring asserts that every simple graph G has ′(G)+ 1. G is said to be Class 1 if ′(G) =  and Class
2 if ′(G) = + 1. A critical graph is a connected graph G such that G is of Class 2 and G − e is of Class 1 for each
edge e of G. A critical graph of maximum degree  is called a -critical graph. It is obvious that every k-critical graph,
k2, is 2-connected.
A number of interesting results about edge colorings of planar graphs have been obtained in the past years. Vizing
[7] ﬁrst presented examples of planar graphs of Class 2 for each  ∈ {2, 3, 4, 5}, showed that every planar graph
with 8 is of Class 1, and conjectured that the conclusion holds for the 67 case. Sanders and Zhao [4], and
Zhang [9] independently, settled Vizing’s conjecture for the  = 7 case. This result was further extended by Sanders
and Zhao [5] to a graph with  = 7 which can be embedded in a surface of characteristic zero. Thus Vizing’s Planar
Graph Conjecture remains open only for the = 6 case. More recently, Zhou [10] proved that every planar graph with
 = 6 having no k-cycle for some ﬁxed k ∈ {3, 4, 5} is of Class 1. The girth of a graph G is deﬁned to be the length
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of a shortest cycle in G. It was known [3] that a planar graph G with maximum degree  and girth g is of Class 1 if
it satisﬁes one of the following conditions: (1) 3 and g8; (2) 4 and g5; (3) 5 and g4; and (4) 8
and g3. In this paper, we shall give some sufﬁcient conditions for a planar graph with  = 6 to be Class 1. These
conditions are also based on the lack of some speciﬁc cycles.
To obtain our main results, we need to introduce some notations and deﬁnitions. For f ∈ F(G), we use b(f ) to
denote the boundary walk of f and write f =[u1 u2 · · · un] if u1, u2, . . . , un are the vertices of b(f ) in the clockwise
order. We sometimes write E(b(f ))=E(f ). For x ∈ V (G)∪F(G), let d(x) denote the degree of x in G. A vertex (or
face) of degree k is called a k-vertex (or k-face). We call a k-vertex adjacent to a vertex x a k-neighbor of x and denote
dk(x) to be the number of k-neighbors of x. For v ∈ V (G), let t (v) denote the number of 3-faces incident to v. For
f ∈ F(G), let s(f ) denote the number of edges in E(f ) each of which is incident to a 3-face. Given a graph G and a
cycle C of length k in G, an edge xy ∈ E(G)\E(C) is called a chord of C if x, y ∈ V (C). Such a cycle C is also called
a chordal-k-cycle.
2. Graphs without chordal cycles
The famous Vizing’s Adjacent Lemma presented below will be used frequently in the proofs of Theorems 2 and 3.
Lemma 1 (Vizing [7]). Let G be a -critical graph. Then
(1) Any vertex of G is adjacent to at least two -vertices;
(2) If x ∈ V (G) such that dk(x)1, where k = , then d(x)− k + 1.
Let G be a 6-critical graph and v ∈ V (G). Then the assertions (P1)–(P5) below follow automatically from
Lemma 1.
(P1) If d(v) = 2, then v is adjacent to two 6-vertices.
(P2) If d(v) = 3, then v is not adjacent to any vertex of degree at most 4.
(P3) If d(v) = 4, then v is not adjacent to any vertex of degree at most 3.
(P4) If d(v) = 5, then d6(v) = 4 if d3(v) = 1, and d6(v)3 if d4(v)1.
(P5) If d(v) = 6, then d6(v) = 5 if d2(v) = 1, d6(v)4 if d3(v)1, and d6(v)3 if d4(v)1.
For a connected plane graph G, using Euler’s formula |V (G)| − |E(G)| + |F(G)| = 2 and ∑v∈V (G)d(v) =∑
f∈F(G)d(f ) = 2|E(G)|, we can derive the following identity:
∑
v∈V (G)
(d(v) − 4) +
∑
f∈F(G)
(d(f ) − 4) = −8. (1)
Theorems 2 and 3 of this section will be proved by contradiction. In each case, we assume thatG is a counterexample
to the theorem under consideration. We deﬁne the weight function w by w(x) = d(x) − 4 for all x ∈ V (G) ∪ F(G).
It follows from identity (1) that the total sum of weights is equal to −8. In each theorem, we will deﬁne appropriate
discharging rules and redistribute weights accordingly. Once the discharging is ﬁnished, a new weight function w′ is
produced. However, the total sum of weights is kept ﬁxed when the discharging is in process. Nevertheless, we can
show that w′(x)0 for all x ∈ V (G) ∪ F(G). This leads to the following obvious contradiction:
0
∑
x∈V (G)∪F(G)
w′(x) =
∑
x∈V (G)∪F(G)
w(x) = −8< 0,
and hence demonstrates that no such counterexample can exist.
For x, y ∈ V (G) ∪ F(G), we will use (x → y) to denote the sum of weights discharged from x to y. Suppose that
f = [xyz] is a 3-face of a plane graph G such that d(x)d(y)d(z). We say that f is of type 1 if d(x)= d(y)= 4 and
d(z) = 6, type 2 if 3d(x)4, d(y) = 5 and d(z) = 6, and type 3 if 3d(x)4 and d(y) = d(z) = 6.
Theorem 2. If G is a plane graph with = 6 and without chordal-4-cycles, then G is of Class 1.
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Proof. Suppose on the contrary that G is of Class 2. Without loss of generality, we may assume that G is 6-critical.
Thus G is 2-connected, implying that the boundary of each face forms a cycle and every edge lies on the boundaries of
two faces. Since there does not exist a 4-cycle with a chord, G contains no two adjacent 3-faces, and if a 2-vertex v is
incident to a 3-face, then another face incident to v is of degree at least 5.
The discharging rules are deﬁned as follows.
(R1) For each 6-vertex v, we send 1 from v to each 2-neighbor of v and to each type 1 3-face incident to v, 23 from
v to each type 2 3-face incident to v, 12 from v to each type 3 3-face incident to v, and
1
3 from v to each 3-neighbor of
v and to each other 3-face incident to v.
(R2) For each 5-vertex v, we send 13 from v to each 3-neighbor of v, and
(
1 − 13d3(v)
)
/t (v) to each 3-face incident
to v.
(R3) For each face f with d(f )5, and for each 3-face f ′ adjacent to f, we send w(f )/s(f ) from f to f ′ via each
edge in b(f ) ∩ b(f ′).
Claim. If v is a vertex with 5d(v)6 and f a 3-face incident to v, then (v → f ) 13 .
In fact, the Claim follows directly from (R1) when d(v)= 6. So assume d(v)= 5. Then w(v)= 1. By (P4) and using
the fact that G contains no adjacent 3-faces, we see that d2(v)= 0, d3(v)1, and t (v)2. Therefore, for each 3-face f
incident to v, we have (v → f )(1 − 13 )/2 = 13 by (R2). This proves the Claim.
We carry out (R1)–(R3) in G. Let w′ denote the resultant weight function after discharging. It remains to verify that
w′(x)0 for all x ∈ V (G) ∪ F(G).
Let v ∈ V (G). We see d(v)2. If d(v) = 4, then w′(v) = w(v) = 0. If d(v) = 2, then d6(v) = 2 and hence v gets
1 from each of its 6-neighbors by (R1). Thus w′(v) = −2 + 1 + 1 = 0. If d(v) = 3, then each of the neighbors of
v is of degree at least 5, and therefore sends 13 to v by (R1) and (R2). Consequently, w′(v) = −1 + 3 × 13 = 0. If
d(v)= 5, then since d2(v)= 0, d3(v)1, and t (v)2, we have w′(v)1− 3× 13 = 0 by (R2). Now assume d(v)= 6.
Then w(v) = 2, and d2(v)1 by (P5). If d2(v) = 1, then v is adjacent to ﬁve 6-vertices. This means that v is not
incident to a type i 3-face for each i = 1, 2, 3. Since no two 3-faces are adjacent in G, v is incident to at most three
3-faces. Thus (R1) guarantees that w′(v)2 − 1 − 3 × 13 = 0. So suppose d2(v) = 0. It is easy to see that d3(v)2.
If d3(v)> 0, then d6(v)4 by (P5). This implies that v is not incident to any type 1 3-face, and is incident to at most
one type 2 3-face. If v is incident to one type 2 3-face, then d3(v)1 and hence w′(v)2 − 13 − 23 − 2 × 12 = 0
by (R1). If v is not incident to a type 2 3-face, then w′(v)2 − 3 × 13 − 2 × 12 = 0, because v is incident to at
most two type 3 3-faces. Now we further suppose d2(v) = d3(v) = 0. We note that d4(v)3, and if d4(v)> 0, then
d6(v)3 by (P5). If t (v)2, then w′(v)2− 1− 1= 0. So suppose t (v)= 3. If d4(v)= 3, then v is incident to either
three type 3 3-faces, or one type 1 3-face and one type 3 3-face. So w′(v) min
{
2 − 1 − 12 − 13 , 2 − 3 × 12
} = 16 .
If d4(v) = 2, then v is incident to either one type 1 3-face, or one type 2 3-face and one type 3 3-face, or two
type 3 3-faces. It follows that w′(v) min
{
2 − 1 − 2 × 13 , 2 − 23 − 12 − 13 , 2 − 2 × 12 − 13
} = 13 . If d4(v)1, then
w′(v)2− 23 −2× 13 = 23 . Finally suppose d2(v)=d3(v)=d4(v)=0. It is immediate to derive thatw′(v)2−3× 13 =1
by (R1).
Let f ∈ F(G). If d(f ) = 4, then w′(f ) = w(f ) = 0. If d(f )5, then (R3) asserts that w′(f ) = w(f )1
if f is nonadjacent to any 3-face, and w′(f ) = 0 otherwise. Now suppose d(f ) = 3, and let f = [xyz] such that
d(x)d(y)d(z). If d(x)5, then w′(f ) = −1 + 3 × 13 = 0 by the Claim.
Assume that d(x) = 4. If d(y) = 4, then d(z) = 6. It follows that f is a type 1 3-face. By (R1), (z → f ) = 1,
and hence w′(f ) − 1 + 1 = 0. If d(y) = d(z) = 5, then neither y nor z is adjacent to a 3-vertex. By (R2), each of
y and z sends at least 12 to f, and therefore w′(f ) − 1 + 12 + 12 = 0. If d(y) = 5 and d(z) = 6, then f is a type 2
3-face. By (R1), (z → f ) 23 , and hence w′(f ) − 1 + 23 + 13 = 0. If d(y) = d(z) = 6, i.e., f is a type 3 3-face, then
w′(f ) − 1 + 2 × 12 = 0 by (R1).
Assume that d(x)= 3. It is easy to see from (P4) that d(y)5 and d(z)= 6. If d(y)= 5, then f is of type 2, and thus
w′(f ) − 1 + 23 + 13 = 0. If d(y) = 6, then f is of type 3, and w′(f ) − 1 + 2 × 12 = 0.
Finally assume that d(x) = 2. Then it is clear that d(y) = d(z) = 6. Let f ′ denote the face of G adjacent to f which
shares two edges xy and xz with f. Since G contains no 4-cycle with a chord, we have d(f ′)5. Thus f ′ sends at least
(d(f ′) − 4)/d(f ′) 15 to f through each of the edges xy and xz. Therefore, w′(f ) − 1 + 13 + 13 + 25 = 115 . The proof
of the theorem is complete. 
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Theorem 2 generalizes a result of Zhou [10], which says that every 4-cycle-free planar graph with = 6 is of Class
1. In the sequel, we say that two cycles are adjacent if they share exactly one edge. By means of this term, Theorem 2
can be interpreted into the proposition that every = 6 planar graph without two adjacent 3-cycles is of Class 1.
Before proving Theorem 3, we need to introduce a useful concept. Let G be a plane graph. A subgraph H of G is
called a cluster if H consists of nonempty minimal set of 3-faces in G such that no other 3-face is adjacent to a member
of this set. A k-cluster is a cluster formed by k 3-faces. A face f is said to be adjacent to a cluster H if f /∈H and f is
adjacent to a member of H.
Theorem 3. If G is a plane graph with  = 6 and without chordal-5-cycles and chordal-6-cycles, then G is of
Class 1.
Proof. Suppose that the theorem is false. Let G be a 6-critical counterexample plane graph without chordal-5-cycles
and chordal-6-cycles. Thus the following conclusions (a)–(c) hold clearly. This information is often tacitly used in the
subsequent proof.
(a) There are no three 3-faces f1, f2, f3 such that f2 is adjacent to both f1 and f3, but f1 is not adjacent to f3.
(b) There is no 3-face f ′ adjacent to a 4-face f ′′ such that |E(f ′) ∩ E(f ′′)| = 1.
(c) There is no 3-face f ′ adjacent to a 5-face f ′′ such that |E(f ′) ∩ E(f ′′)| = 1.
In G, we carry out the same discharging rules as deﬁned in the proof of Theorem 2 except that (R1) is modiﬁed as
follows:
(R1′) For each 6-vertex v, we send 1 from v to each 2-neighbor of v, 13 from v to each 3-neighbor of v, and
(2 − d2(v) − 13d3(v))/t (v) from v to each 3-face incident to v.
Now we need to check the nonnegativity of the new weight function w′. Similarly to the proof of Theorem 2, we can
show that w′(v)0 for all v ∈ V (G), and w′(f )0 for each f ∈ F(G) with d(f ) = 3. Instead of proving w′(f )0
for each 3-face f, we only need to prove that w′(H)=∑f∈Hw′(f )=
∑
f∈Hw(f )+ (H)= −k + (H)0 for each
k-cluster H, where (H) denotes the total sum of weights obtained by all members of H from their adjacent faces and
incident vertices during the discharging process. Equivalently, it remains to prove (H)k. By the structure of G, we
see k3. Thus we divide the proof into the following three cases.
Case 1: H is a 3-cluster.
Suppose that H = {f1, f2, f3} such that f1 = [uxy], f2 = [uyz], and f3 = [uzx] with d(u) = 3, d(x)5, and
d(y)= d(z)= 6. It is not difﬁcult to see that every 3-cluster of G must possess such form by (a). Moreover, (b) and (c)
imply that every face f adjacent toH is of degree at least 6, and thus (f → H)w(f )/d(f )=1−(4/d(f )) 13 by (R3).
Assume that d(x) = 5. Since x is adjacent to exactly one 3-vertex and is incident to at most three 3-faces, then (x →
H)2
(
1 − 13
)
/3= 49 by (R2). Since d2(y)= 0, d3(y)= 1, and y is incident to at most four 3-faces, then (y → H)
2
(
2 − 13
)
/4= 56 by (R1′). With the same reason, we have (z → H) 56 . Therefore, (H)3× 13 + 2× 56 + 49 = 319 .
Assume that d(x)= 6.We see that d2(x)= 0 and d3(x)2 by (P5), thus (x → H)2
(
2 − 2 × 13
)
/4= 23 . The same
conclusion holds for both y and z. It turns out that (H)3 × 13 + 3 × 23 = 3.
Case 2: H is a 2-cluster.
Let H ={f1, f2} such that f1 =[xyz] and f2 =[yzv] with yz being their edge in common.Without loss of generality,
suppose d(y)d(z) and d(x)d(v). So d(y)3. Let fxy denote the face of G whose boundary contains the edge
xy and fxy /∈H . Similarly, we may deﬁne fyv, fvz, fzx to be the adjacent faces of H. We consider some subcases as
follows.
Assume that d(y) = 3. Then d(z)5, and fxy is identical to fyv . In view of the proof of Case 1, we may suppose
d(fxy) = 3. By (b) and (c), d(fxy), d(fvz), d(fzx)6. If d(z) = 5, then d(x) = d(v) = 6, d2(x) = d2(v) = 0, and
d3(x) = d3(v) = 1. It is easy to derive that (z → H)2
(
1 − 13
)
/3 = 49 . Since both fxy and fzx are of degree at least
6, x is adjacent to at most three 3-faces. Thus (x → H) (2 − 13
)
/3 = 59 , and similarly (v → H) 59 , afterwards
we have (H)4 × 13 + 2 × 59 + 49 = 289 . If d(z) = 6, then each of the vertices x, y, v is adjacent to no 2-vertex and
at most two 3-vertices. Moreover, d(x)5 and d(v) = 6 by (P4). It follows that (z → H)2 (2 − 2 × 13
)
/4 =
2
3 , (x → H)
(
1 − 2 × 13
)
/3 = 19 , and (v → H)
(
2 − 2 × 13
)
/3 = 49 . Hence (H)4 × 13 + 49 + 19 +
2
3 = 259 .
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Assume that d(y)=4. If d(z)=4, then d(x)=d(v)=6, and each of x and v is not adjacent to any 2-vertex or 3-vertex.
Again, since fxy and fzx are of degree at least 6, x is adjacent to at most three 3-faces. Hence (x → H) 23 , and
similarly (z → H) 23 . By (R3), H receives at least 43 from all its adjacent faces. Therefore, (H) 43 + 2 × 23 = 223 .
If d(z)= 5, then d3(z)= 0 and so (z → H)2× 13 = 23 . Thus (H)4× 13 + 23 = 2. If d(z)= 6, then since d2(z)= 0
and d3(z)1, we have (z → H)2
(
2 − 13
)
/4 = 56 . Therefore, (H) 43 + 56 = 216 .
Assume that d(y)= 5. Then d(x)3, which implies that all adjacent faces of H are of degree at least 6. We also see
that d2(y) = d2(z) = 0 and d3(y), d3(z)1, thus (z → H) min{2(1 − 13 )/3, 2(2 − 13 )/4} = 49 and (y → H) 49 .
This yields that (H) 43 + 2 × 49 = 229 .
Assume that d(y) = d(z) = 6. If d(x)3, we can similarly show (H)2. So assume d(x) = 2. Then d(v) = 6
because d2(y) = d2(z) = 1 by (P5). On the one hand, both fyv and fvz are of degree at least 6. On the other hand,
(y → H) 12 , (z → H) 12 , and (v → H) 13 . Therefore, (H)2 × 13 + 2 × 12 + 13 = 2.
Case 3: H is a 1-cluster.
Let H = {f } where f = [xyz]. We deﬁne similarly the faces fxy, fyz, and fzx as in Case 1. If all these faces are of
degree at least 6, then (H)3 × 13 = 1. This case happens, in particular, when d(x), d(y), d(z)3. Thus, without
loss of generality, we may suppose d(x) = 2. It follows that fxy is identical to fzx and d(fyz)6. Since G is a
simple graph, d(fxy)4. It implies that both y and z are incident to at most three 3-faces. Thus (H)(y → H) +
(z → H) + (fyz → H) 13 + 13 + 13 = 1. This completes the proof. 
By observing the previous proof, the chordal-5-cycle-free and chordal-6-cycle-free condition in Theorem 3 can be
weaken to the assumption that G contains no a k-cycle for 4k5 adjacent to a 3-cycle.
3. Graphs without special cycles
A graph G is said to be k-degenerate if every induced subgraph of G has a vertex of degree at most k. The following
result reveals an interesting relation between the degeneracy and the chromatic index of a graph.
Theorem 4 (Zhou [10]). If G is a k-degenerate graph with 2k, then G is of Class 1.
It is an easy consequence of Euler formula that every planar graph without 3-cycles is 3-degenerate.Wang and Lih [8]
proved that every planar graph G without 5-cycles is 3-degenerate. Combining these facts and Theorem 4, it follows
that every planar graphGwith =6 and without 3-cycles or 5-cycles is of Class 1. This provides a simple proof for the
same result obtained by Zhou [10]. It is shown in [2] that every planar graph G without 6-cycles also is 3-degenerate.
This fact together with Theorem 4 establishes the following new result.
Theorem 5. Every = 6 planar graph without 6-cycles is of Class 1.
Remark. Note that an icosidodecahedron, i.e., the line graph of a dodecahedron, is a 4-regular planar graph without
4-cycles. Hence the lack of 4-cycles does not imply the 3-degeneracy of a planar graph. Choudum [1] constructed
4-regular 3-connected planar graphs without k-cycles for each k7. It is unknown if a planar graph G with  = 6 is
of Class 1 when it contains no k-cycles for some ﬁxed k7.
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